Abstract. We analyze the flow of a liquid foam between two plates separated by a gap of the order of the bubble size (2D foam). We concentrate on the salient features of the flow that are induced by the presence, in an otherwise monodisperse foam, of a single large bubble whose size is one order of magnitude larger than the average size. We describe a model suited for numerical simulations of flows of 2D foams made up of a large number of bubbles. The numerical results are successfully compared to analytical predictions based on scaling arguments and on continuum medium approximations. When the foam is pushed inside the cell at a controlled rate, two basically different regimes occur: a plug flow is observed at low flux whereas, above a threshold, the large bubble migrates faster than the mean flow. The detailed characterization of the relative velocity of the large bubble is the essential aim of the present paper. The relative velocity values, predicted both from numerical and from analytical calculations that are discussed here in great detail, are found to be in fair agreement with experimental results from [1] .
Introduction
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The richness of the flow properties is largely related to the disorder of the foam structure [10] , but we shall show in this paper that even few defects in an otherwise basically ordered structure may already induce strong modifications of the flow in a viscous regime. on this instability were shortly discussed in a previous article [8] , and experimental results are thoroughly described in [1] . In the following, we shall report in detail on the- The LB is, in a way, analogous to a low density drop embedded in a fluid submitted to a uniform gravity field. In both cases, the uniform stress field is balanced by a linear pressure field, and a resulting Archimedes-like force is exerted on the bubble (or respectively on the drop) in the direction opposite to that of the force field. This driving force, responsible for the LB migration, competes with the elastic reaction of the bubble network : a stable foam structure is obtained at low velocity. By contrast, the large bubble starts to migrate through the small bubble network, faster than the mean flow, when the foam velocity is large enough to induce a driving effect on the large bubble greater larger than the plastic threshold of the foam (see Fig. 2 ). Our main theoretical results consist of two scaling laws derived from general dimensional arguments for the velocity threshold (eq. 23) and for the large bubble velocity beyond that threshold (eq. 31). They are compared with the results of numerical simulations based on the vertex model [6] and with those of experiments presented in [1] .
The paper is organized as follows. In Section 2, we discuss the main ingredients (bubble shape, viscous force, etc.) that play a role in the process by which the instability takes place. Section 3 presents a general frame, in 2 Specific properties of the 2D foam.
Equilibrium film shape.
The two-dimensional foam referred to here is a foam confined between to plates separated by a distance h, much smaller than the typical bubble size. For small values of h, the bubbles are organized in a single layer and every film touches the upper and the lower plates [11] . The Plateau This property entails many important consequences specific to 2D foams in equilibrium [12] and yields a way of measuring the bubble pressure by simple image analysis using the Laplace relation ∆P = γc 1 , where ∆P is the pressure difference between two adjacent bubbles and γ the surface tension. In a flowing foam, the viscous forces, which are localized close to the plates, modify the contact angle θ as depicted on Fig.3 
Viscous forces.
The effective viscosity of a liquid foam pushed between two plates, ie the driving force to velocity ratio, is typically one or two orders of magnitude larger than that of the pure liquid phase, despite the very large amount of gas (> 95%) trapped in the material [2, 13, 14, 15] . This surprising behavior is due to the existence of very small length scales at which the liquid phase is confined in the structure. In the 2D geometry, the dominating process is the force between the Plateau borders and the plates. The viscous dissipation may have various origins, including the bulk viscosity of the liquid soap water, the viscosity of the surfactant monolayer and the diffusion resistance, leading to different relations between pressure drop and velocity [16, 17] . Considering a fluid surfactant monolayer, we assume here that the dominating contribution comes from the bulk viscosity. The case of a rigid monolayer will nevertheless be considered too in section 6.2.
The local flow geometry close to the plates is very similar to the well-known Landau-Levitch situation, in which a plate is pulled out of a liquid [18, 19] . The Plateau borders play here the role of the liquid reservoir and the relative motion between the liquid and the solid plate is due to the motion of the bubble walls. According to the Bretherton theory [20] , the highest velocity gradients occur in a small domain connecting the Plateau borders and the wetting films, assumed to be at rest on each plate. This region is of characteristic thickness [20] 
with η w = 10 This force per unit length of Plateau border is finally of the order of 10 −3 N/m and is expressed as [15] :
with Ca = η w v/d the capillary number of the order of 3 10 −4 . The numerical prefactor λ ∼ 10 and the geometrical factor were measured in similar flow conditions, the latter involving u v the unit vector of the film velocity direction and n the unit vector normal to the film (with an arbitrary orientation) [15] . The force direction is not clearly evidenced and seems difficult to determine directly.
It is here assumed to be in the direction opposite to that of the film velocity.
It will be useful to express instead the viscous force per unit surface of the 2D foam averaged on the bubble scale (mean viscous stress on the plates). With a typical bubble size of d ∼ 10 −2 m we obtain
For comparison the viscous stress obtained for pure water with the same mean velocity is of the order of η w v/h ∼ 10 −2 N/m 2 . 
Out of equilibrium film shape

Numerical simulation of a 2D flow
Simulations or analytical calculations make a compromise between the complexity of the dissipative function they use [2, 3, 5] and the number of bubbles they can consider [4, 6, 7, 8, 9] . The numerical model presented in this section is well adapted for a broad family of flow configurations in 2D. It is based on a realistic dynamical behavior, even at large velocities, and on a simplified foam structure description which allows to use a large number of bubbles at reasonable computational cost.
Numerical variables and equation of motion
As discussed above, the 3D film shapes are unknown. The tension force is, with r ij = r i − r j and r ij = ||r i − r j ||,
We define n ij to be the normal to the edge (ij), oriented arbitrarily, say from a bubble A towards a bubble B, and δP ij (= P B − P A ) to be the pressure jump on this edge.
The resulting pressure force is then :
Finally the viscous force determination imposes some additional approximations. The whole system S i is assumed to move with the same velocity as the vertex (i)
with the prefactor k obtained from eq. 3, k = λη
We get thus the following explicit expression for the velocity, as a function of the positions r j , and of F i which can itself be expressed as a function of the positions and the pressures (eq.5,6) :
As we will see now, the pressures are also related to the positions, so that the velocity is a function of the only variables r j . An iterative process is then possible as, for each time step, the velocities and consequently the displacements of the vertices can be computed, leading to an actualisation of their positions.
Explicit expression of the pressure
On the time scale of a few seconds considered in this paper, gas diffusion is negligible but pressure equilibrium is reached. The pressure is thus uniform in each bubble k and can be determined, under the assumption of an ideal gas, as a function of the area A k of the bubble in contact with the plate, knowing the constant quantity of gas n k trapped inside and its isothermal compressibility χ T = 1/P 0 :
where
is a reference value, obtained if the bubble pressure is equal to the global reference pressure P 0 . This pressure is the same for every bubble in the foam, in contrast to the local reference P eq that will be introduced in the following paragraphs. In our simulations, the reference pressure P 0 is strongly underestimated to enhance the numerical stability. Nevertheless, even if P 0 is smaller than its experimental value, it remains much larger than all the pressure variations induced by the flow and the system is in the incompressible limit (the relative variations of the bubble areas remain smaller than few %). The pressure field given by the product P 0 δA/A is thus independent on P 0 , even 
Temporal evolution
The foam evolution is based on eq.8. It is determined it- If an edge becomes smaller than a fixed value ǫ, a topological transformation T1 is performed, as explained on Otherwise, T1's occur around LB which begins to migrate.
The parameters ǫ, ǫ ′ , h P 0 , the box size and the time step were varied to test the numerical stability. The algo-rithm becomes numerically unstable for a too large time step, whose maximal acceptable value is mainly related to h P 0 and to ǫ. The stability domain has not been systematically investigated, but we carefully checked the reproducibility of our results over a large range of parameters.
Only ǫ has a noticeable influence on the threshold value as physically expected. It may indeed be seen as the characteristic size of a Plateau border, and is thus related to the liquid fraction φ of the foam by the relation
with d the typical edge length, ǫ 2 the Plateau border section area and h the distance between the plates. Except for the results shown in Fig. 11 , all results were obtained with a value of ǫ which corresponds to a liquid fraction of 0.5% (disregarding the additional water layer wetting the plates).
Disordered and ordered foams
In a monodisperse disordered foam, we don't observe a stationary motion of the large bubble for a velocity larger than the threshold. The shape of the large bubble, the magnitude and the direction of its relative velocity fluctuate strongly (Fig 8) . 
Continuous description
The numerical results are compared hereafter to analytical predictions based on a completely different point of view. We partially forget the specific foam structure, at 
Viscous forces
Below the threshold, the viscous forces are well deter- 
Pressure field
The pressure in a foam is heterogeneous, even at equi- Hereafter, the equilibrium pressure defined in that way will thus be the local reference pressure, remembered to be specific to each bubble. Its value is discussed in detail in paragraph 7. Our method should however be improved to tackle more complex situations in which the system can only relax through many T1 transformations.
The resulting force per unit foam surface due to the heterogeneous gas pressure is consistently split into two terms, namely:
The first term of the right-hand side is by definition obtained in a foam at equilibrium, as discussed above. It will play no role in the dynamics. The second term is not very sensitive to the local structure of the foam, and we assume that it is correctly described by the gradient of a smooth dynamical pressure field defined asP = P −P eq . This field will be derived in section 7.
Tension forces
Liquid foams have a rather simple behavior at small strain.
A linear elastic response is obtained in this case with an elastic coefficient scaling as γ/d [23, 24] . If the stress reaches a given threshold, equally of the order of γ/d, plastic deformation occurs (through T1's).
The distribution of surface forces, due to tension forces, is first decomposed in the same way as the pressure, leading to
with F t,eq = −F p,eq .
Considering an elastic and incompressible response of the foam we get
where X is the displacement vector from the closest equilibrium shape obtained after relaxing the foam as explained previously. The weak foam compressibility is disregarded.
6 Instability threshold and large bubble velocity
Driving force
Using the three force expressions eqs. 12,13,15 and neglecting any inertial term, we get the following equation for the external system,
The equation of incompressibility div X=0 and the boundary conditions must be added to eq. 16. [25, 26] .
The large bubble motion is governed by the resulting force induced by the external pressure field and the elastic stress acting on the internal system. This force F x , oriented along the mean flow for symmetry reasons is, noting
C the boundary of the internal system and n its normal,
The analytical expression of this force has been obtained by analogy with the problem of an infinite cylinder pushed at constant velocity in a viscous fluid between two walls which is solved in the literature [25] . The identification of each variable is based on the similarity between the equations governing an elastic solid and a viscous fluid.
As detailed in Appendix A it leads to 
From this force, compared to the viscous force exerted on the large bubble itself, we determine the value of δ in the following.
Instability threshold
At small velocity, the elastic response of the foam compensates the driving force and the large bubble has the same velocity v 0 as the rest of the foam. The viscous force applied to the internal system, ie that due to the foam films around LB, is given by Dη(v 0 )v 0 (see eq.2). This leads to the following equation for δ, with the use of eq. 19:
and, in the limit
The threshold is reached when the maximal stress in From this, we deduce the maximal value δ max ∼ L geo and the velocity threshold v th :
Using η(v th )v th = γ(η w v/γ) α (see eq. 2) we get, with the adimensional capillary number Ca = η w v/γ,
Depending on the value of L geo and on the value of α (between 0.5 and 0.66 as discussed in section 2.2), the model predicts an exponent for D ranging between −1.5
and −4. The experimental value is of the order of −3.7, in a case where α = 0.5 (see Fig.10 , from [1] ). The choice The liquid fraction plays an important role in the plastic threshold [23] , and therefore influences the prefactor in eq.23. In our vertex model simulation, the liquid fraction is related to the minimal distance ǫ allowed between two vertices before a T1 occurs (see eq. 11). The variation of the threshold with this parameter is displayed on Fig. 11 .
All the simulation results presented on the other graphs were performed with a fixed ǫ value, as small as allowed by the numerical stability.
Large bubble relative velocity
For flow velocities larger than the threshold, plastic transformations occurs regularly around the large bubble which migrates through the foam with a velocity v(t). As these T1's are strongly localized around LB, they can be considered as discrete events relaxing suddenly the largest part below is obtained by neglecting the variation of η(v) with v. It differs only by few percents from the exact one and is much simpler (see Fig. 13 ). Taking the time derivative, we get
Expression 26 is valid until δ reaches δ max ∼ D at time
So
and finally, with <> denoting the average in time, 
The velocity threshold is consistently obtained from eq. 7 Pressure field.
Pressure at equilibrium
The pressure at equilibrium in a 2D foam obeys elegant and simple rules [12] . It is mainly related to the number of sides of each bubble. The average number of sides is six as a consequence of Euler's relation in 2D [12] . The pressure inside bubbles with n > 6 is larger than the external ref-
erence pressure whereas it is smaller when n < 6. When bubbles with n = 6 can be considered as relatively isolated defects in a monodisperse foam, the pressure distribution has been calculated by Graner et al. from an electrostatic analogy. Bubbles with n = 6 play the role of topological charges and modify the pressure field in the same way as positive or negative charges produce an electric potential.
The induced pressure field around each defect is, with r the distance to the defect, (see [27] )
The logarithmic divergence is specific to the 2D geometry and we recover an expression similar to the electric potential produced by an infinite and uniformly charged line. The various contributions are additive, and a multipolar expansion can thus be used to derive the pressure field far from the defects. During its migration, the large bubble adopts an elongated shape which is kept even after relaxation. The distribution of 5-sided bubbles on both sides of the large bubble with n LB sides is equivalent to a quadrupolar distribution of topological charges, from which we deduce the dominant term in the pressure variation, up to a numerical prefactor,
The results of numerical simulations are in good agreement with the predictions of eq. 33 as shown in figure   Fig.15a -b.
Pressure during the flow
The pressure field in the flowing foam has already been discussed in detail in [8] , and we just recall the main results here. As it is less sensitive to long range effects than the displacement field, it can be computed analytically without taking into account the positions of the boundaries. The final equation for the pressure is , with r 0 the position of the large bubble,
The first term is the linear pressure variation responsible for the flow. The second term, compared to numerical results on Fig.16 , is related to the foam deformation.
In contrast to the deformation of the foam and with the resulting tension forces, the pressure cannot be measured locally from images of a 2D foam. As shown on Fig.   16 , it may nevertheless be very heterogeneous and plays a crucial role in the foam dynamics. It is thus an experi- 
A Hydrodynamical analogy
Hydrodynamics equations for an incompressible viscous fluid of velocity v h , pressure P h and viscosity η is :
The problem of an infinite cylinder of diameter D pushed at constant velocity V h between two walls separated by a distance 2L has been solved by Faxen [25] . The variables can be identified as follows ηv h ↔ γh/d X, P h ↔ ηv 0 x/d +P and V h ↔ δ. The expression of the force exerted on the cylinder is [25, 26] C −P h n x + η 2 ∂v hx ∂x n x + ∂v hy ∂x + ∂v hx ∂y n y ds = − 4πηV h ln( 
The term we need to compute is given by eq. 17 and is 
We finally express the mean relative velocity of the large bubble in terms of adimensional variables as:
